Let X, Y be vector spaces. It is shown that if an odd mapping f : X → Y satisfies the functional equation 
then the odd mapping f : X → Y is additive, and we prove the Hyers-Ulam stability of the functional equation (1) in Banach modules over a unital C * -algebra. As an application, we show that every almost linear bijection h : A → B of a unital C * -algebra A onto a unital C * -algebra B is a C * -algebra isomorphism when h 2 n r n uy = h
n r n u h(y)
for all unitaries u ∈ A, all y ∈ A, and n = 0, 1, 2, . . . .  2005 Elsevier Inc. All rights reserved.
Introduction
Let X and Y be Banach spaces with norms · and · , respectively. Consider f : X → Y to be a mapping such that f (tx) is continuous in t ∈ R for each fixed x ∈ X. Assume that there exist constants θ 0 and p ∈ [0, 1) such that
for all x, y ∈ X. Th.M. Rassias [15] showed that there exists a unique R-linear mapping
for all x ∈ X. P. Gȃvruta [1] generalized the Rassias' result: Let G be an abelian group and Y a Banach space. Denote by ϕ :
for all x, y ∈ G. Then there exists a unique additive mapping T :
for all x ∈ G. C. Park [4] applied the Gȃvruta's result to linear functional equations in Banach modules over a C * -algebra. Several functional equations have been investigated in [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Throughout this paper, assume that r is a positive rational number and that d and l are integers with 1 < l < d/2.
In this paper, we solve the following functional equation
We moreover prove the Hyers-Ulam stability of the functional equation (1.1) in Banach modules over a unital C * -algebra. These results are applied to investigate C * -algebra isomorphisms between unital C * -algebras.
An odd functional equation in d variables
Throughout this section, assume that X and Y are real linear spaces. 
for all x, y ∈ X. Thus f is Cauchy additive. The converse is obviously true. 2
In the proof of Lemma 2.1, we prove the following.
Corollary 2.2. An odd mapping
for all x, y ∈ X if and only if f is Cauchy additive.
Stability of an odd functional equation in Banach modules over a C * -algebra
Throughout this section, assume that A is a unital C * -algebra with norm | · | and unitary group U(A), and that X and Y are left Banach modules over a unital C * -algebra A with norms · and · , respectively.
Given a mapping f : X → Y , we set
for all u ∈ U(A) and all
Theorem 3.1. Let r = 2. Let f : X → Y be an odd mapping for which there is a function
for all x ∈ X.
for all x ∈ X and all positive integers n. By (3.4), we have
for all x ∈ X and all positive integers m and n with m < n. This shows that the sequence { r n 2 n f ( 2 n r n x)} is a Cauchy sequence for all x ∈ X. Since Y is complete, the sequence { r n 2 n f ( 2 n r n x)} converges for all x ∈ X. So we can define a mapping for all x ∈ X. So
for all u ∈ U(A) and all x ∈ X. Since L is additive,
for all u ∈ U(A) and all x ∈ X. Now let a ∈ A (a = 0) and M an integer greater than 4|a|. Then
By [2] , there exist three elements
for all a ∈ A and all x ∈ X. Hence 
Proof. Note that f (0) = 0 and f (−x) = −f (x) for all x ∈ X since f is an odd mapping.
for all x ∈ X. The rest of the proof is similar to the proof of Theorem 3. for all u ∈ U(A) and all x, y ∈ X. Then there exists a unique A-linear mapping L :
Proof. Let u = 1 ∈ U(A). Putting x = y in (3.7), we have
for all x ∈ X. The rest of the proof is the same as in the proof of Theorem 3. 
